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CORRECTIVE  ARITHMETIC  COOES  IE  THE  RESIDUAL  CLASS  SISTEH 

S.  B.  Payn 


Designations.  Re  will  use  Latin  and  Greek  letters  to  designate 
whole  numbers,  pt,  pt,  . pn  -  prise  ambers  (soaetises  reciprocal 
prise  numbers  in  pairs)  # 

P  —  px i  Pt‘P~  ...  Pnt  Pi  —  — —  ,  2»+l  "*  Px  pt  ...  pi 

Pi 

Ql  *=  It  R{  “*  Pi'pi+i  put  (t  ~  It  2t  ...  ,  It)  , 

-  the  group  of  resainders  of  reciprocal  prises  with  aodulus  ,A,  n 
•  the  group  of  resainders  of  reciprocal  prises  with  modulus  p. 

Purther  designations  will  be  introduced  in  the  appropriate 


place 
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§1.  Representation  of  tluaners  in  tae  Residual  Class  Systea 

Let  0^  A  <  P,  «i#  a*#  ••••  «ij  -  the  saallest  nonnegative 
reaainders  of  nuaber  A  with  aoduli  of  p»,  p2,  ,  p„,  respectively. 

He  will  call  the  expression 

•■i  =•  (*i»  a3 . *«>  (0 

the  representation  of  nuaber  A  in  the  residual  class  systen 
(a  bbr  a  via  ted  SOK ) . 

The  nuabers  pt,  p2,  ...,  pn  are  called  the  bases  of  the  systea, 
and  the  nuabers  at,  at2,  ...,  an  -  the  nuabers  of  the  given 
representation  with  aoduli  pa,  p*#  ...,  p*,  respectively. 

The  whole  nuabers  in  the  range  [o,  P)  and  representations 
(1)  are  in  a  one-to-cne  correspondence. 

Actually,  the  reaainders  frca  division  by  the  given  nuabers 
Pt«  Pa#  •••«  Pn  ere  uniguely  defined,  on  one  hand,  and  on  the  other 
hand,  we  know  that  the  sjstea  of  coaparisons 

•  EE  *,  (mod  pd  (:=>  i,  s,  ...  ,  «) 


.v 


(2) 
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has  the  unique  solution 


x  =  A  (mod  P),  oS^<  P, 


with  reciprocal  prise  nuabers  p1#  p2,  «...  p^. 


Remark.  If  the  number  A  satisfies  the  inequality 


°  S  A  <  ^ 


it  is  uniquely  determined  by  the  resainders  for  the  soduli 
Pi,  pi+l, ... ,  p„.  Therefore,  wath  condition  (4).  along  with 
representation  (1)  we  can  write 

A  “  (*ti  *i+i»  ...  i  ®n)»  (4  ) 


Analogously,  with  the  condition 


G<i< Pt  or  0-£/^<C{2n-(+i  • 


we  can  write 


^  *  (®1*  ®«l  ...  •  ®i— ...  *  ®») 


A  =  (*lt  *s,  ...  ,  Xn_i). 
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Unlike  the  position  system,  the  arithmetic  operations  in  the 
residual  class  system  are  performed  step-by-step.  Thus,  if 

«=  l*j,  55,,  ...  ,  *„), 

&  =  (?t>  •••  »  ?») 

are  the  representations  cf  n ameers  &  and  B  in  the  SOK,  then  if  we 

consider  at*  ±  pj  and  A'rt  to  be  the  smallest  ncnnegative  remainders  of 

these  numbers  for  the  moduli  t,  (»— i,  2, ... ,  «),  the  numbers  A  *.  B  and 

AB  can  be  represented  as 

A  ±  B  -  (x1  *,  ±  ±  p„)  ,y 

AB  =  («k  •  «,  •  ... ,  *,  ?„). 

This  assertion  is  a  direct  result  of  the  fact  known  from  number 
theory  that  from 

A  =  *  (mod  />,•),  B  =  < mod  /,)  (»  -  1,  2,  ...  , ») 

it  follows  that 

A  ±  B  =  ±  pit  A‘B  =  <*ipi  (nod  fa) 

(»  =  1,  2,  ...  ,  n). 

Obviously,  if  we  do  not  make  certain  limitations,  the  results  of 
(7)  of  the  execution  of  aritametic  operations  in  the  SOK  are  only 
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obtained  with  precision  down  to  tna  terns  which  are  aaltiples  of  P. 

Now  we  will  consider  the  possibility  of  performing  division 
operations  in  the  SOK: 

Me  know  that  the  classes  of  remainders  of  reciprocal  primes  with 
the  prise  modulus  pi  fcra,  oy  multiplication,  a  finite  group  r of 
order  p^  -  1.  The  nunbexs  0,  1,  2,  . ..,  pi  -  1  can  be  used  as  the 
representations  of  this  group.  If  we  consider  representation  (1)  with 
the  condition  ^  0  (i  *  1,  2,  ....  n) ,  these  representations  also 
fora,  by  multiplication,  the  finite  group  ft ,  which  is  the  direct  sum 
of  the  groups  rt,  r2,  ...,  #n.  enviously,  the  order  of  group  ft  is 
agual  to 

9  (P)  -  -  t)  (/>,*-  :)•  •  -  i), 

where  *(P)  is  the  Euler  function. 

It  follows  from  the  aforementioned  that  if  we  limit  ourselves  to 
elements  of  group  XT*  i.e.,  representations  (1)  do  not  contain 
zeroes,  division  can  be  carried  out  in  the  SOK  step  by  step. 


Let  A  and  B  be  elements  of  group  TT  ,  and 


OOC  a  1000 


PASS  6 


A  “  («!*  #j,  ...  ,  *„),  =4=  o 

^  =*  (Pi>  Ps»  ...  .  P*).  p<  4=  o 


O'  =  1,  2,  ...,«) 


•  thair  representations  la  the  SO*, 
the  value 

D 


The  ratio  A/3  will  be  assigned 
» 

(8) 


where  y  i  (i  *  1,  2 ,  ...,  a)  are  defined  as  the  solutions  of  the 
coaparisons 

Ti  =  —  (mod  /><)  ( »  =*  i,  2,  ...  ,  >»). 

Pi 

These  coaparisons  also  only  have  unique  solutions  when  0t  f  0,  while 
can  also  assuae  the  value  0.  Therefore,  we  can  eliainate  the 
liaitation  ^  0. 


Two  cases  are  possible: 

1)  the  nuaber  A  is  evenly  divisible  by  B;  in  this  case, 
representation  (8)  gives  the  true  value  cf  the  fraction  A/B. 

2)  the  nuaber  A  is  not  evenly  divisible  by  B;  in  this  case,  we 
will  call  representation  (8)  the  foraal  representation  of  the 
fraction  A/B  (see  [  2  ]) , 
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Representation  (0)  fields  a  certain  whole  naaber  C  in  both 

cases.  In  the  first  case,  we  have  C  *  A/B,  and  in  the  second  - 

C  =  ~  (mod  P). 

B 

Be  will  consider  the  case  when  A  is  evenly  divisible  by  B,  but 
there  are  zeroes  in  Suppose,  for  exasple,  that  a  o,  where  i  is 
fixed.  Then  it  fellows  froa  the  divisibility  of  A  by  B  that  -  0, 
as  well.  Thus,  with  step-by-step  division  in  the  i-th  step  of 
representation  (8) ,  the  undefined  value  0/0  is  present.  In  this  case, 
since,  obviously,  A/B  <  P-,  the  nuaber  C  is  deterained  by  the 
representation 

C  -  (r,»  r»-  — .  r«-i,  r<+»»  •••  >  r») 

(see  (5)  ,  (6)).  The  prcblea  of  finding  the  nunbers  will  be  solved 
in  the  next  section. 

Later  we  will  give  exaaples  illustrating  the  possibilities  of 
using  foraal  representations  of  the  fractions. 


Bow  we  will  consider  a  aethod  of  representing  negative  nuabers 


DOC  *  1000  PAGE  d 

As  we  already  pointed  out,  the  set  of  representations  (1) 
uniquely  defines  the  nustars  in  the  range  £0,  P) .  He  will  divide  this 
range  into  two  parts  [0,  S/2)  and  (P/2,  P) .  le  will  call  thea  the 
first  and  second  halves  cf  the  given  range,  respectively.  He  will 
stipulate  that  the  nuabers  in  the  first  half  are  considered  to  be 
nonnegative,  and  the  nuahers  in  the  second  half  -  negative.  Here  the 
nuabers  in  the  first  half  ace  noaologous.  He  will  equate  the  nuaber  A 
in  the  second  half  to  the  negative  nuaber  A  -  P.  Obviously,  the  set 
of  all  negative  nuabers  fills  the  range  (-P/2,  0)  when  P/2  <  A  <  P. 

He  will  assign  the  representation  of  the  nuaber  As  -|Al  in 
suppleaentary  code,  flora  precisely,  if  A  *  (at,  a2,  ...,  «n) 

0  ^  A  ^  P/2,  t hen  — A  *  (p  j  u  ^  ® j  r  ...,  *  ot^)  *  X his 

representation  is  equivalent  to  the  nuaber  P  -  A,  vhicAbelongs  to  the 
second  half  of  the  range  £0,  S) . 

Thus,  we  can  speak  cf  a  one-to-one  correspondence  between  the 
set  of  representations  (1)  and  the  nuabers  in  the  range  (-P/2,  P/2)  *. 

Pootnots:  lHe  sill  point  out  that  P/2  raaains  outside  the 
consideration  when  P  is  even.  End  footnote 

If  the  representation  (a1#  a2,  ...,  «n)  is  given,  it  suffices  to 
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deter line  which  half  of  tne  range  [0*  P)  this  nuaber  belongs  to  in 
order  to  establish  the  sign  of  the  nuaber  which  it  represents. 

Now,  having  defined  the  rational  operations  on  the  relative 
nuabers  in  the  residual  class  system#  we  can  state  the  theorea. 

Theorea  1.  If  the  inequality 

p 

i  f  y,  ••• ) 1  —  >  (9) 

2 

holds  for  the  rational  integer  function  f(x,  y,  z,  ...)  with  rational 
coefficients  (although  they  have  a  formal  representation  in  the  SOK) 
in  a  certain  range  of  change  in  the  variables,  the  values  of  this 
function  for  the  indicated  values  c£  the  arguaents  are  calculated  the 
saae  in  the  SOK,  if  we  consider  the  results  of  the  calculations  to  be 
the  absolute  least  remainder  with  respect  to  modulus  P.  Here  there 
ace  no  values  which  would  aafce  the  interaediate  results  go  outside 
the  range  [0,  P/2). 

For  the  proof  it  suffices  tc  note  that  if  we  ccapare  the  result 
of  calculating  the  rational  integer  function  in  the  SOK  with  respect 
to  aodulus  P  with  its  absolute  least  remainder,  this  absolute  least 
rmaainder  also  gives  us  a  single  value  of  the  function  in  the 
assigned  range. 


s 
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3e  will  consider  an  axaaple  illustrating  the  calculation  of  an 
integral  polynomial  in  the  SCK. 

Sxaaple  1.  Let  the  bases  of  tne  systee  be  pt  =  3,  p2  =  5, 

Fa  ~  P*  3  11;  then  F  =  1155. 

He  will  calculate  the  value  ci  the  integral  polynomial 

/  (v)  =  — .x  —  5*'  — -  * 

2  2 

at  x  -  13. 
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(2.  i.  6.  j)  (suppleaentary  coda)  . 


He  will  perfora  the  following  operations  in  succession: 

I)  X3  =*  133  =  ( 1 3,  5J.  <’3.  23)  =*  (l,  2,  6,  8) 


(here  the  result  exceeded  the  Units  of  the  range  [0;  1155), 

2)  —  V3  =  (2,  4.  6)  II,  2,  6,  S)  -  (2,  I,  4) 

2 

(here  we  obtained  the  rcraal  representation  for  the  fraction 
13  V2) 

5)  ~  5  *2  =  (1.  o,  2.  6)- (is,  s!,  b-,  2S»  = 

*"(**  °.  2,  <>)  (1,  4,  1,  4)  —  (1,  0,  2,  2), 

2  ' 

4) - —X  *  (2,  I,  6,  5)  -  (1 .  5,  6,  2)  =  (2,  5,  I,  1U> 


(we  also  have  the  foraal  representation  here) 


>) 


(2,  ii  3’  4) 
(1,  o,  2,  2) 
(2.  3>  ».  1°) 


The  sane  result  as  in  the  decinal  systea  was  obtained. 


§2. Conversion  of  Huabers  froa  the  fiesidual  Class  Systea  into  the 


jf 
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Position  Systea  and  Back 

In  order  to  convert  numbers  Iron  the  SOK  into  the  position 
systea,  &.  svoboda  [2]  recoaaends  the  following  net  hod,  called  the 
aethod  of  orthogonal  bases. 

Assuae  that  the  bases  of  the  systea  of  SOR  p,,  p2»  . ...  are 
assigned.  Ne  will  calculate  tne  values  (in  the  position  system)  of 
the  nuabers 

-  (t,  o,  o,  ...  ,  o), 

B,  =  (o,  i,  o,  ...  ,  o), 

B„  *=  (o,  o,  o,  ...  ,  i)T 

in  advance.  The  numbers  B2,  . ..,  Bn  are  called  orthogonal  bases. 
If  A  *  (at,  ...»  «^)  is  the  re press ntaticn  of  the  nuaber  A  in  the 
SOK (  in  order  to  find  its  value  in  the  position  systea*  it  suffices 
to  calculate  the  expression 

.v  *  at  Bi  +  *j  Bj  +  •  •  •  -j-  *n  (i°) 


Obviously*  A  *  x  (aod  P)  . 


If  we  search  for  the  nuaner  A  in  the  range  [0,  P) ,  obviously 


!  ^  v—  rA-P,  where  r,  =  £_f_J  . 


f 
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According  to  I.  Ya.  Akushxiy,  tne  number  r ^  is  called  the  rank  of  the 
number  A. 

We  will  consider  an  example. 

Example  2.  We  will  consider  the  bases  of  the  system  to  be  the 
same  as  in  example  1. 

Then  Bt  *  385,  B*  ®  231,  83  *  330,  B4  *  210. 

Let  A  =  (2,  A,  6,  5) ;  then 

X-  2-385  -f  4-231  4-6-350  4-  S-2IO  =  4724 

^[4211.*  A  =  4724  —  4- 1 1 5  S  =  I04- 

L  1 1 5  5  J 

The  advantage  of  the  method  of  orthogonal  bases  is  the 
simplicity  of  equation  (10). 

we  will  consider  the  generalised  position  systee  (system  ops)  *, 
in  which  the  n-step  number  A  is  represented  as 

A  *»  4"  at  Qi  4*  ’  *  ■  4-  <*i»  Qn  (*  1 ) 


where 


Qi+l 

Qi 


A;  Qi 


1. 


O'  -  1,  2,  ...  ,«), 


i 
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Footnote:  1  A.  Svoboda  £2j  calls  till s  systea  a  systea  with  a  aixed 
basa.  End  footnote 


Then  it  follows  froa  ( 1 1)  that 

A  =  ax  -f-  at  px  +  az  pt-p.  -f  •  •  •  +  anPi'P*  ‘  ’ '  P«~ij 

the  nuabers  p2#  •  «.#  p*.  are  the  bases  of  the  generalized  position 
systea. 

If  wa  also  assuae  here  that  the  nuabers  a^  are  the  nuabers 
0,  1,  2,  . ...  Pt  *  1*  tna  volume  of  the  range  of  nuabers  represented 
in  this  systea  is  equal  to  P  *  pt  ...  p*. 

It  is  obvious  that  tae  ordinary  position  systea  is  obtained  froa 
the  generalized  systea  if  we  set 

=*  p ,  £2t=I  (*  -  1.2,  ...  — 

Qi 

where  p  is  the  base  of  the  ordinary  position  systea. 

The  procedure  of  successively  obtaining  the  values  of  the 
nuabers  in  the  corresponding  representations  can  be  realized  by  the 
following  process: 
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1)  A  is  divided  by  p,;  this  gives  us  [A/Pi]  3  At  and  A  -  AiPi  3  a, 


2)  is  divided  by  p*;  this  gives  as  C  At/P*  3  3  A*  and  At  -  A2p2  =  a2 


i)  *i-t  is  divided  by  px^  this  gives  as  [A^t/p  ]  *  A^  and 


^ L Pii  * 


n)  A„.t  is  divided  by  p„;  tnis  gives  us  [A *  An  and 
*n-«  "  *  **• 


Let  the  naebers  p1#  p2 •  •••#  p*.  serve  as  the  simultaneous  bases 
of  the  SOR  and  the  ops  £  generalized  position  systee  ]•  Re  will  nuaber 
the  steps  in  the  SOR  and  the  OPS  in  the  sane  order  when  the  intervals 
of  the  change  in  the  nuahers  of  the  steps  with  the  sane  values 
coincide. 

Be  will  write  the  representation  of  the  nusber  A  in  the  OPS  as 


J 
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follows 


A  ■»  [alt  at, ...  ,  aH]. 


(»3) 


The  ranges  of  the  numbers  uniguely  represented  in  the  systeas 
SOK  and  OPS  thus  constructed  obviously  coincide.  Therefore,  we  can 
speak  of  a  one-to-one  correspondence  between  the  set  of 
representations  (2)  cf  nuabers  xn  the  SOK  and  the  set  of 
representations  (13)  of  nuabers  in  the  OPS.  The  problea  consists  of 
establishing  the  process  of  realizing  this  correspondence. 

We  will  show  that  algor itha  (12)  can  be  successfully  used  to 
convert  the  representation  of  nuabers  froa  the  SOK  into  the  OPS, 
whereupon  the  entire  ccnversicn  procedure  can  be  realized  in  the  SOK. 

Actually,  the  coaparisons  below  follow  froa  equations  (12) 

A  —  (mod  pt),  o  2S  <»!  <C  pv 
Ax~  at  (mod  />,),  o^o,<  pv 
•  •• 

An-i  =  a.  (mod  />»).  o  aH  <pH, 

where  a(,  a2,  ...,  a„  arc  the  digits  of  the  CPS.  Thus,  the  problea  of 
finding  the  digits  of  the  OPS  is  reduced  to  finding  the  reaainders  of 
the  nuabers  A,  At,  A2,  ...  An.,  according  to  the  aoduli 
Pi#  Pa#  •••#  Pt>#  respectively.  This  problea  is  realized  in  the  SOK  as 
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follows:  1st 


A  =  (*t,  *„) 


be  the  represented  numbers  k  in  the  SOK  and 


h<P><“  -  <F* 


(M) 


1)  obviously,  k  »  a4  (aod  p4)  ,  which  aeans  that  at  *  «»  i 


2)  the  integer 


A  —  a. 


Pi 


1  obviously  satisfies  the  condition 


hi  <  therefore  (see  (4),  £4']),  it  is  determined  by  its  last 
(n  -  1)  numbers  of  representation  in  the  SOK.  We  will  calculate  these 
numbers  in  the  SOK 

Ax  -  -  ~-gl  -(at?,  aC*>, 


where 


a'j>  =  -2 — 2.  (mod  />t),  »  -  2,  J, ... ,  »  ► 

Pi 


which  aeans  that 


<h  = 


(»5> 


3)  analogously  to  above,  we  will  obtain 


a,  -  .  ■at;1  =  «\  *w. . *<:» ), 

Pi 


where 
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*(»)  =  - h—  (mod  i  =»  3,  4.  .  *• 

P* 


which  aeans  that 


«d!>  =  a.. 


i  +1)  Ai 


Aj  4-1  — 
Pi 


Oci'-,.  *(:U . *(2 ). 


where 


*  =  *"“» 
*>+*  = 


.<?-*)  _ 


Hi 


pi 


(mod  pi+kY-  <  =*  i>  2, 


n  —  j, 


which  aeans  that 

«*i+i  -  <*.•+.  f 1 5> 


a)  finally 


Thus,  we  obtained  all  cf  tue  values  of  the  c a presentation  of  the 
nuaber  A  in  the  OPS. 

If  we  eliainata  ccadition  (14),  the  process  is  soaewhat 
complicated  because  it  btccaes  necessary  to  convert  the  values  of  the 
OPS  obtained  into  the  sex. 
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As  we  can  see,  the  conversion  process  can  be  realized  in  the 
arithaetic  unit  operating  in  the  SOK  systea. 

We  will  consider  the  opposite  problem.  Suppose  that  we  know  the 
representation  (13)  of  the  nuaoer  A  in  the  CPS.  It  is  necessary  to 
find  its  representation  in  the  SCK  (1) . 

We  will  consider  that  we  knew  the  representations  of  the  nunbers 
Ci#  Qa#  •••#  Qn  in  the  SCK.  Specifically,  let 

Qi  -  (».  i,  ••• » i.», 

Qi  =  (°«  Qi'  •••  >  Q:)> 

Qi  -  (o,  O,  q\,  ... ,  <2i), 

Qn  =  (O,  O,  ...  ,  o,  0). 

Then  it  follows  fros  fox  aula  (11)  that  the  values  a1#  at2,  ...#  an  can 
be  found  froa  the  coapaxisons 

•i  =  ^(mod  f>x), 

*,  =  ax  +  a,  Qi  (mod  />s),  <i6) 

*j  =  +  «S  Qj  4-  ‘h  (25  (mod  p,), 

o.Ea^ajQ^H - f«.  QU  (mod  />„). 

Obviously,  these  calculations  can  also  be  realized  in  the 
arithaetic  unit  operating  in  the  SOK. 


i 
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If  we  consider  the  numbers  aw  sz,  ...»  an  in  system  (16)  to  be 
known,  the  solution  of  this  systea  gives  us  the  values 
n*»  4|#  •  •  •  #  An* 

He  will  consider  scie  examples. 

Example  3.  He  will  consider  the  bases  of  the  systea  to  be  the 
sane  as  in  example  1.  Again,  let  A  *  (2,  4 ,  6,  5).  He  will  find  the 
representation  of  this  nuaber  m  the  OPS.  Obviously,  we  will  have 
Qi  a  1#  Qi  =  3  —  (0,  3,  2,  3),  Cj  *  3*5  *  (0,  0,  1,  4)  ; 

C*  *  3*5«7  *  0,  0,  0 ,  6)  . 

He  will  successively  find  the  digits  of  the  OPS  according  to 
systea  (15). 


\ 
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1)  <11  =>  *!  =  2i 

„  „  (2,  4,  6,  5)  —  (2.  2,  2,  2)  (o,  2,  4.  3) 

2)  ^  _ - =  - ; - 

*%  n 

0 

(  .  2,  4*  3)  _  (  2  +  2.  s  4  + 

■ - 1  >  -  .  - 

3  V  3 

■  (■>  4>  6,  0*  ^2  =  4> 

(  .  4,  6.  1)  —  (  ,  4,  4,  4)  (,  0,  2,  8) 


— 7-  •  4) 


3)  +« 


(  .  ,2,  8) 


S 

2  +  4.  7  8  +  2 

—  »  '  — - 

s 


(  »  »  ^1  6)»  ^3  =  6, 


— > 


4)  A 


-  Li.  ; . ’ . 6t  *L.  =  ( ,  ,o,o), 

11 


Thus,  the  representation  of  the  OPS  has  the  fore 


A  —  [2,  4,  6,  o]  =  j-f  4.3+  615  4-  °*105  ■*  I04- 


ae  will  conduct  the  opposite  procedure*  i.e.,  we  will  find  the 
representation  of  the  nuabec  A  -  [ 2,  4*  6*  0]  in  the  residual  class 
systea.  According  to  systaa  (16)*  we  will  obtain 

A  »  (2,  2  +  4*3»  *+4’3  +  6»i»  2+4.34-6.4+  0.6)  =  (.2,  4,  6,  5)- 


The  aethod  found  for  converting  the  representations  of  the 
nuabers  into  the  OPS  ftoa  the  SCK  and  back  can  be  used  for  perforaing 
operations  of  coapariag  nuabers  in  the  arithaetic  unit  operating  in 


the  SOK 
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In  order  to  perform  the  operation  of  comparing  two  nuabers  A  and 
B  assigned  in  the  SOK,  it  suffices  to  convert  these  nuabers  into  the 
OPS,  then  coapare  the  values  of  the  representations  obtained,  going 

froa  the  higher-order  digits  to  the  lower-order  ones  (in  our 

designations,  froa  right  to  left).  If  A  >  3,  the  first  nonzero 
difference  in  the  values  will  be  positive,  and  vice  versa. 

3e  already  pointed  cut  that  when  perforning  operations  on 
relative  nuabers,  the  prcblea  cf  determining  the  sign  of  the  nuaber 
is  reduced  to  deteraining  which  cf  the  two  halvas  of  the  range  [0,  P)  — 
the  nuaber  belongs  to  the  first  £0,  P/2)  ,  or  the  second  (P/2,  P)  . 
This  problem  is  solved  by  coaparing  this  representation  with  the 
representation  of  the  ruxoer  £P/2  J.  (For  a  fixed  system  of  bases,  the 

representation  of  the  ruaoer  [e/2]  can  be  stored  in  the  aeaory  of 

both  the  SOK  and  the  OIS). 

The  problem  of  whether  the  nuaber  A,  with  representation  (1), 
belongs  to  intervals  [ 0,  Qi+i),  i  *  1,  2,  n  -  1  is  also 

interesting.  In  order  to  solve  this  problem,  it  suffices  to  obtain 
the  representation  of  the  nuaber  A  in  the  OPS  (13).  The  following 
results  are  completely  ctvious: 

when  a*  >0,  we  will  have  0  f  A  < 
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when  h»—  <*•_!  =  •  •  •  =  a»_i  =  o  we  will  have  0  4  a  <  Q^_-  .  (17) 

In  §1,  when  considering  the  possibilities  of  perforaing  the 
operation  of  division  in  the  SOK,  we  noted  the  case  when  A  is  divided 
evenly  by  B,  bat  the  naahers  of  the  representation  of  B  also 
contained  zero  nuabers.  It  was  shown  that  in  this  case,  the  quotient 
C  is  deterained  by  the  digits  which  do  not  contain  the  undefined 
value  0/0.  It  is  necessary  to  reveal  these  undefined  values  in  order 
to  subsequently  perfcrn  operations  with  whole-number  representations. 
Obviously,  in  order  to  do  this  it  suffices  tc  find  the  reaainders  of 
the  number  C  with  respect  to  tne  acduli  cf  these  digits  in  which  this 
indeterainancy  exists. 

Be  will  describe  one  possible  method  of  solving  this  problea  in 
the  SOK. 


suppose  the  undefined  value  0/0  is  present  in  the  digits  for  the 
aoduli  pc  (i  ^  it,  itl  ...,  i*)  .  If  we  designate 


(tS) 


the  problea  consists  of  finding  the  nuabers  T,,*  7, •,>••• 


In  order  to  find  these  nuabers,  we  will  convert  the 
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(a  -  k)  -digit  representation  (Id)  into  the  OPS  with  the  bases 


Pv  p"  ■  ’  -  ’  hk-r  -V< . P»- 


ie  will  obtain 


C  ~  ['*,  .  •••  .  e.-t+  . . . <'»]  = 

”  '’l  +  ei  Pi  -\ - f  A,  I  Pt\P,  •  •  •  r  4 - -f 

+  '-A'A  •••  A,-r  A-,-1  .../>»-!  • 


tie  will  assume  that  we  know  the  representations  for  the  moduli 
Pi*  p 2*  •••*  PK  in  the  «CK: 

Pi  -  Pi  Pi . pf) 

p,  -  (A-  o.  p;.  ...  ,  px) 


pn^iP'n.p'n,  ...  o). 


Then  the  unknown  digits  can  be  found  from  the  comparisons 

r<  =<1  4-  4 - 4-  A.-t-rPlP*  •  •  •  pi,-.,  4 - (mod p<)  (19) 

«  *  <!>  >|>  ...  ,  Ij. 


Here  it  can  become  necessary  to  convert  the  digits  of  the 
repesentation  of  the  generalized  position  system  into  the  SOK. 


These  calculations  are  simplified  if  we  have  representations  in 
the  SOK  for  all  possible  products  comprised  of  the  assigned  acduli 
and  taken  one  by  one,  twc  by  twc,  etc. 
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The  conversion  cf  the  representation  of  a  number  from  the  SOK 
into  the  OPS  can  be  realized  by  the  nethcd  cf  orthogonal  bases. 

First,  we  will  point  out  tnat  the  operation  of  adding  nunbers  in 
the  OPS  is  done  in  the  sane  way  as  in  ordinary  position  systeas:  by 
the  successive  addition  or  the  cuabers,  froa  saaller-order  to 
higher-order,  with  the  ordinary  operation  of  inter-digit  carryover, 
if  the  result  of  additicc  does  net  go  outside  the  range  [0,  P) .  If 
the  result  of  addition  exceeds  the  range,  i.e.,  a  higher-order  digit 
overflowed,  it  is  necessary  either  to  broaden  the  range,  or  to 
eliainate  the  consideration  of  overflow  and  take  the  remainder  with 
respect  to  aodulus  P  as  the  result  of  the  operation. 

Suppose  that  for  a  fixed  systen  of  bases  which  satisfies 
condition  (14)  we  know  the  representations  cf  the  orthogonal  bases  in 
the  OPS 

Bi  —  [o,  r>,  ...  ,  b[,  ...  ,  />*,]  (t— I,  2,  ...  ,  n). 

Re  will  consider  the  orthogonal  nuibers 

Bi  ZZ  i  Q i  ...  i  Oj  %if  O,  . . .  t  o)  (t  ^  ...  t  h) 

(o  <  <  pi)- 

The  coaparison  sign  has  been  provided  here,  since  the  product 
can  be  larger  than  P.  Re  will  designate 


I 
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Thus, 


O). 


#,  =  2fr<«.  (laocl  P), 
o  S  liiu  <  P. 


We  will  find  th«  represent  at ion  in  the  OPS  for  the  nuabers  #  . 
In  viaw  of  condition  (1h),  the  nuacer  can  serve  as  a  value  in 

each  of  the  digits  with  the  bases 

pi<  p u-t » >  P»- 


Therefore,  the  calculaticn  of  the  product  at^B^  is  reduced  to 
aulti plication  by  a  one-digit  nuaber,  i.e. ,  it  is  equivalent  to  a; 
successive  additions.  If  we  do  not  consider  the  overflow  of  the  n-th 
digit  in  this  case,  as  a  result  of  the  calculations  we  obtain  the 
representation  in  the  CPS  for  the  nuaber  instead  of 

Let  the  representations  obtained  be 

[°i  o* ...  i 
Oi  =  i,  2,  —  i,  i  —  I,  2,  ...  ,  II. 

Now  we  can  use  foraula  (10)  to  convert  the  representation  of  the 
nuaber  A  <  P  froa  the  SOK  into  the  OPS.  If 


A  —  (*j.  Kjt  ...  I  *»)• 
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then 

A  =  *,  By  +  *,  B.  +  •  •  •  -f-  *,  B„  = 

=  51,1  +  £>,,  +  B;,,  -+••••-}-  S.,.M(mo(l  P). 

Again,  if  we  do  not  consider  possible  overflows  in  the  n-th 
higher-order  digit  when  calculating  the  latter  sum,  we  will 
iaaadiately  obtain  a  precise  representation  of  the  nuaber  A  in  the 
GPS. 


Por  an  illustration,  we  will  again  consider  exanple  3. 


Pirst  we  will  find  the  representation  of  the  orthogonal  bases  in 
the  ops 

•®i  =  l1*  3>  4>  3]’ 

B,  «  fo,  2,  2], 

B ,  *  [o,  o,  3], 

B%  =»  [°>  o,  2|. 


we  will  have 

A  -  (2,  4,  6,  s)  =  a  J54  -h  4  />>,  +  6  B,  +  5  B,  - 
=  Blt  +  B.,k  +  Bis  +  2?4j  •-= 

(2*  1.  2>  7l 

I",  3.  5.  3] 

+[o.  u,  6,  7] 

[0,  <_>,  o,  1  oj 

A  =■  fa,  4,  6,  o] . 
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§3.  Corrective  Arithmetic  Codes  in  the  Residual  Class  System 

In  digital  computers,  information  must  ordinarily  undergo  a  long 
series  of  different  transformations  before  the  final  result  is 
obtained.  In  order  fcr  this  result  to  be  reliable,  extremely  rigid 
requirements  are  imposed  on  the  reliability  of  digital  computers. 
Different  methods  of  checking  are  used  tc  provide  the  reliability  of 
the  operation  of  computers.  The  use  of  codes  with  redundancy, 
so-called  corrective  codes,  is  considered  to  be  the  most  promising. 

Corrective  codes  intended  tor  data  transmission  systems  are 
widely  known  today.  The  most  popular  are  the  Homing  codes,  which  use 
the  "parity"  method  of  checking.  Cedes  suitable  for  checking 
arithmetic  operations  were  proposed  by  Brown  [3].  However,  it  is 
difficult  to  use  these  cedes  in  practice  because  computers  operate  in 
position  systess  of  calculaticn,  whereas  check  operations  should  be 
made  on  residues.  This  ccntradicticn  will  not  take  place  if  the 
cosputer  itself  operates  in  tne  residual  class  system.  1.  Ya. 
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Akushskiy  [1]  was  the  first  to  draw  attention  to  this  situation, 
racoaaending  that  the  corrective  properties  of  SOK  be  studied. 

The  codes  considered  below  can  be  used  for  correcting  errors 
which  arise  during  data  transaissicn  and  when  perforaing  arithaetic 
operations  in  the  SOK. 

We  will  consider  the  representations 

~  *»»  •  *»)  (i) 


to  be  a  code  coabinaticn,  where  the  digits  at,  a2,  . ..,  <*„  can  be 
assigned  as  binary,  like  in  the  eulti position  representation.  He  know 
that  a  certain  whole  nuaker  ire  a  the  range  [0,  P)  corresponds  to  each 
representation  (1).  He  will  use  the  representations  (1)  corresponding 
to  the  nuabers  included  in  a  certain  part  of  the  assigned  range 
[0,  P)  for  transaitting  data  or  perforaing  arithaetic  operations. 

This  aakes  it  possible  tc  correct  the  errors. 

He  will  assuae  that  representations  (1),  which  satisfy  the 
condition 

j- - /v  (2) 

P» 

are  used  for  transaitting  aessages  or  perforaing  arithaetic 
operations. 


4 
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In  this  case,  the  nuaber  A  is  uniquely  defined  by  a 
(n  -  1) -digit  representation  (al#  a*,  ...»  a*.t)  (see  (5),  §1). 
Therefore,  the  digit  with  the  base  pn  can  be  considered  to  be 
redundant.  According  to  Heaing,  tne  ef f ectiveness  of  the  code  or  the 
degree  of  the  drop  in  the  capacity  of  the  channel  is  detefined  as  the 
value  a,  equal  to  the  ratio  of  the  vhole  nusber  of  transaitted  binary 
syabols  to  the  ainiaua  nuaner  of  syabols  necessary  for  transacting 
this  sane  inforaation. 

He  will  assuae  that  a  binary  channal  is  used  for  data 
transaission.  He  will  also  assuae  that  the  bases  of  the  SOK 
Pt,  Pa*  •••#  Pn  are  successive  prise  nuabers.  Hith  this  coding, 
[log*P£,]  ♦  1  binary  syabcls  on  base  p*  >  2  are  needed  for 
transaitting  the  nuabez  <*i ;  one  syabol  is  necessary  for  transaitting 
the  nuaber  at.  The  total  nuaber  of  binary  syabols  necessary  fcr 

transaitting  representations  (aessages)  (1)  will  be  equal  to 

>1 

i  4-  £  ( (log,  M  -r  i). 

i  ■  -  2 

and  the  ainiaua  nuaber  of  syabols  necessary  fcr  transaitting  the  saae 
aessage  will  be  equal  tc 
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»e  will  obtain  the  following  relationship  for  the  value  of  s 

U 

1  +  (flog*^  +  0 
R~ _ LzL- _ ' 

n—  i 

1  +  (Hug.Ai  T  !) 


»e  will  evaluate  this  expression.  He  have 

R  ~  i+ _ Uogj^.J  -h  r 

*—• I  ““ 

r  +  E .  0 

»  =  2 

when  a  >  3,  obviously, 

*  <  I  . - P-  ~  1  =  ,  +  log,?,  +  1 

Y  tog.  Pi  i^nFTpT  '-  ■  />.-.)  “ 

J  =C  1 

=-  l  -f  log«^“  j.  i 

loK*  **«  ‘  log,  PH 

The  inequality 

Pl:-l)lt<PrPt  •  •  •  />.-!  -  P* . 


is  proven  in  nusber  theory.  Taking  its  lcgariths,  we  obtain 

— 7  r-  Jotf.  .•«  <  los?,  ?„ 

or 

<r  __L_ 

Jojfj  n  —  i  ’ 

Using  this  inequality,  we  will  obtain 


I 
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A  <c  1  7* -  -J-  -  •  -  •  (j)> 

»~J  T  »-  I  log,  />.  ^ 

He  will  study  the  corrective  capabilities  of  the  codes  in 
question  with  one  redundant  digit  ior  base  p^. 

Pirst  we  will  define  xne  concept  of  error.  He  will  consider  a 
single  error  to  be  the  distortion  cf  any  one  nuaber  of  the  n-digits 
of  representation  (1) ,  whereupon  the  distortion  is  liaited  only  by 
the  value  of  the  base.  He  will  consider  a  k-fcld  error  to  be  the 
distortion  of  k  nuabers  cf  the  representation. 


Let  A  *  (a, ,  a2,  ...«  a„)  be  the  transaitted  aessage;  we  will 
introduce  the  designaticn  X  *  («4#  a2f  a^)  for  the  received 

aessage. 


He  will  consider  aessage  A  *  (3Tt,  a2» 
if 


o^A<Ph. 


a„)  to  be  err cr-  free 


A 


And  if 
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we  Mill  consider  the  corresponding  representation  to  be  erroneous. 

He  Mill  point  out  that  it  is  aluays  true  that  0  ^  A  <  P  and,  as 
stipulated,  0  ^  A  <  F^« 

If  aessage  (1)  is  transaitted,  in  general,  any  of  the  possible  p 
aessages  can  be  received,  dere  f n  of  thase  Mill  be  received  as 
error- free  aessages,  and  P  -  p„  -  as  erroneous.  Thus,  the  nuaber 
P  -  Pn  shoes  the  total  nuaber  or  detectable  possible  errors.  The 

ratio  ~  --  can  serve  as  the  aeasure  of  the  detection 

P  Pv 

capacities  of  a  coda.  It  is  interesting  to  calculate  the  nuaber  of 
detected  single,  double,  etc.,  errors. 

He  Mill  assuae  that  the  bases  of  the  SOK  are  arranged  in  order 
of  increasing  value,  i.e., 

Pi<Pt< 

Then  the  nuaber  Pt,  P2,  ...,  P„  Mill  satisfy  the  inequalities 

Pi>P,>--->P«.  (5) 

He  Mill  shoM  that  in  this  case,  the  presence  of  the  redundant 
base  p*  is  sufficient  for  detecting  all  single  errors. 


Th sores  1.  Let  A  *  (u  i ,  e2 , 


«*> ,  0  f  A  >  P„  be  the 
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transmitted  aessage  or  tke  precise  result  of  perforaing  arithaetic 
operations  in  the  SOR,  and  1  -  (2T1#  a2 ,  . ..,  3^)  -  the  aessage 
received  or  the  result  of  the  calculation  obtained  in  the  SOR.  Then, 
if  Ti  *  9i  when  i  *  k  acd  /  a4  (i  =  1,  2,  . n)  ,  we  have  the 

inequality 

A  >  pM 


which  detacts  the  error. 

Proof.  First,  we  will  pcint  out  that  the  distortion  of  the  digit 
aeans  the  addition  or  the  value  l to  the  nuaber  A,  where 
«  (0,  0,  ....  0,  1,  C,  . . . ,  0)  with  the  units  of  the  Ic-th  digit, 
i.e., 

A  2  A  -+•  /  Bk  (mod  P),  o  <  /  <  p/., 

but  *  sPe*  where  0  <  s  <  p^,  which  aeans  that 

AErA  +  lsPy  (mod  ?)• 

But  since  ?r .=-  qp„  r  <  pbt  and  *=»  p,  *e  obtain 

A  =  A  +  r  Pt  (modP),  where  0  <  r  <  fto.  Further,  we  will  point  out  that 
when  0  ^  A  <  P*,  the  n caber  A  ♦  r is  located  in  the  range  [0,  P) 
and,  furthernore,  we  have  (5). 

Therefore,  the  inequality 
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A  +  rPk^Pa. 

holds  in  the  range  [ 0,  P).  whence  it  follows  that 

A  =  A  +  rPk>:EH, 

which  also  had  to  be  prcven. 

He  will  look  at  an  exaapla.  We  will  consider  the  bases  tc  be  the 
saae  as  in  the  exaaples  irca  the  preceding  sections:  pt  -3,  p2  -  5, 
p3  =  7,  p «  -  11#  P*,  s  ICf. 

Ex a a pie  4.  Let  A  =  1  =  (1#  1#  1#  1)  be  the  transaitted  aessage 
and  A  =  (1#  1#  4,  1)  -  the  received  aessage.  Calculating  the  value  of 
A#  we  will  obtain 

J-(x,  xf  4.  i)-i-33s+x  a3I+4-3Jo4-i-2io-2i46=99i>io5; 


which  aeans  that  an  erroneous  aessage  has  been  received. 

The  process  of  detecting  the  inaccuracy  cf  the  representation 
obtained  can  be  realized  in  the  arithnetic  unit  operating  in  the  SOK. 
Actually#  for  this  purpose  it  suffices  to  convert  the  representation 
obtained  into  the  generalized  position  systea  with  the  saae  bases  as 
in  this  sox  (see  (17)#  §2).  If  the  higher-order  digit  of  the  CPS  a,, 
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taros  out  to  be  equal  tc  zero,  the  representation  is  error-free,  but 
if  an  ¥  0,  the  repress ntauon  obtained  is  erroneous.  Thus,  in  the 
ezasple  in  question,  tie  representation  cf  the  naaber  A  in  the  ops 
has  the  fora 


A  =  i  +  0.5  -t-  3-1 5  +9-105, 

so  that  a^  -  9  /  0. 

It  is  very  obvious  that  ix  we  know  the  digit  of  the  SOK  which 
contains  the  error,  it  is  easy  tc  correct.  Actually,  if  we  use  A^  to 
designate  the  (n  -  1) -digit  repesentation  obtained  froa  expression 
(1)  by  subtracting  the  digit  a*,  in  view  of  conditions  (2)  and  (5)  , 
we  will  have  A *  =  A  when  k  *  1,  2,  ...,  n.  Therefore,  if  we  know  that 
the  error  occurred  in  the  digit  with  the  number  k,  A^  =  A*  *  A.  In 
order  to  obtain  the  nuaber  A  -  a it  suffices  to  subtract  the  value 
P&  froa  it  until  a  nuatez  which  lies  in  the  range  [ 0,  P^)  is 
obtained.  If  it  is  necessary  to  deteraine  the  nuaber  in  a  device 
operating  in  the  SOK,  we  proceed  in  the  saae  Banner  as  in  §2  with  the 
detection  of  the  undefined  values  of  the  fora  0/0. 

The  possibilities  of  correcting  a  single  error  for  a  code  with 
one  redundant  digit  for  base  pH  are  deterained  by  the  following 
theoraas. 
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Theorem  2.  Assume  that  0  ^  A  <  P^  and  that  we  know  that  only  a 
single  error  is  possible  in  the  received  message 

A  *  (  fl  i  ,  Qtjf  •  •  •  ,  ®  h)  *  let  A£  ■  (ft  |  f  ®2  f  •  •  •  ,  |  i  #  •  •  •  1 0E 

designate  an  (n  -  1) -digit  representation  obtained  by  the  subtraction 
cf  the  number  Then,  if  >  P„  ,  the  nusber  of  the  received 
representation  is  error-free. 

Proof.  First  we  will  point  out  that  the  inequality  A4  ^  Pn  is 
possible  when  k  <  n,  since  we  nave  >  Fn  in  this  case.  Further, 
inequality  A^  P„  means  tnat  tne  (n  -  1) -digit  representation  of  A^ 
contains  an  erroneous  rusher.  however,  by  definition  only  one  error 
is  possible;  therefore,  runner  is  errcr-free. 

Corrolary.  When  the  inequality  A^  P^  holds  for  the  values 
n  *  1,  2,  ...»  (n-  1),  the  number  of  the  n-th  digit  is  erroneous. 

Actually,  according  to  the  theorem,  in  this  case  the  numbers 
k  =  1,  2,  ...  (n  -  1)  will  be  error-free,  which  means  that  the  number 
of  the  n-th  digit  <tK  will  be  erroneous. 

The  case  discussed  in  the  corrolary  is  possible.  This  follows 
from  theorem  3. 


Theorem  3.  Suppose  that  only  a  single  error  is  possible  in  the 
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received  aessage  in  A  -  [at,  a2,  <*n)  •  If  the  value  of  A 

satisfies  one  of  the  inequalities 

fh^J<ph_.  (6) 


or 

/’.-x  -  I)  -r  p.  <  .r<  P  .  (6a) 

the  nuaber  of  the  n-th  digit  sill  ce  erroneous. 

Proof.  According  tc  tne  conclary  of  thecrea  2,  in  case  (6)  it 
■ill  suffice  to  show  that  the  eguation 

--‘i' 

holds  for  values  of  k  *  1,  2,  . ...  (n  -  1)  . 

But  these  equations  follow  trca  conditions  (6)  ,  (5)  and  the 
uniqueness  of  the  representation  of  the  numbers  of  the  range  [0,  P^) 
in  the  SOK. 

We  will  prove  the  theorem  for  case  (6a) .  We  know  that  the 
distortion  of  the  digit  means  the  addition  of  the  value  rfeP^  to 
the  nuaber  A.  where  0  <  k  ^  n.  C  <  rfe  <  p^,  or.  equivalently,  the 
value 

P»(p*  —  ft), 


-**■  ■  •  -  ■ 


... 
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j 

{ 

I 

! 

j 

j  where 

;  O  <  k  S  «,  o  <  r*  <  pkm 


He  will  have 

P*-t  <  P,.-, 


whence 


P+Pn—  P„.t  >•••>?  -J-  P„  — 

Based  on  condition  (6a)  ,  we  can  write 

A>P~  P.,_l  rP«>  —  >  P  — 


or,  in  other  words 

5  >  P.-i  (pH-,  —  i)  +  Ph  >  •  •  ’  >  Pi  (Pi 

Turthernore,  it  is  otvicws  that 

Pkipk—  i)S£(P*  -  r*)- 


therefore. 


A>  Pk  <P*  —  /•*)  -f  P»-  1—  r,  2  , ... ,  («  — 


x  p 

.  a  a 


-  i>  -i-  P»* 


°  <  rk  <  Pk> 


0.  <-><r*  <Pr 
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This  swans  that  none  of  tne  numbers  of  the  fora 

A+ Pk(pk-rk),  oS^<f„  k  =  i,  2 . (n-i) 

0  <rk<Pk 

can  satisfy  inequality  (6a).  Consequently,  it  is  iapossibla  tc  have 
an  error  in  the  digits  vita  nuabers  k  =  1,  2,  ...»  (n  -  1);  this  is 
equivalent  to  a  conf ir nation. 


Theorea  3a.  If  we  also  ass use  that  there  are  no  even  nuabers 
among  the  bases,  the  error  will  also  be  in  the  n-th  digit  when  the 
received  aessage  &  satisfies  the  inequality 

—  _  -f.  pu  <  JL  4.  . 

~  2  2  2 

The  proof  follows  ftoa  the  inequalities 


Pi  -  i 


Pi<^ 


Pm  ~  I 


fl.  <  t±±  Kn  <  A~t.L 


Be  can  approach  the  study  of  the  correcting  capacities  of  a  code 
with  one  redundant  digit  soaewhat  differently. 


Let 


A  (a,.  ...  On) 


be  tha  transaitted  aessage,  and 
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A  =  (.  a, .  ...  ,  an) 

-  the  received  message. 

He  will  call  the  representation 

i  =  ,-t  —  A  =  (.  —  *,  ,  a,  —  a, . *i,  —  2„) 

the  distortion  vector. 

By  definition, 

A  «  J  .4-  A,  where  A  *  0  waen  7*  A  and  A  *  0  when  A  /  A.  If  we  obtain 
an  erroenous  aessage  A  -  Pn,  we  can  construct  the  total  systee  of 
possible  distorting  vectors. 

Leaaa  1.  Let  A  fn  be  the  received  aessage.  Then  the  nuaerical 
values  of  all  the  possible  distorting  vectors  are 

Ty  Z 4—  u  Zl-  = . T-  (P,  -  I) .  (8) 

Proof.  Actually,  if  'I  Pn  is  the  aessage  obtained,  we  are 
justified  in  assuaing  that  anjf  cf  the  Pn  error- free  representations 
with  nuaerical  values  of  0,  1,  2,  • . . ,  Pn  -  1  was  transmitted. 
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If  the  representation 

o  —  (o,  u,  ... ,  o) 

was  transmitted,  the  distorting  vector  &0  will  obviously  be  the 
vector  A  itself 


If  the  aessage 


A  -  o  +  A,  . 


I  -  (I,  I. ... ,  l) , 


was  transmitted,  the  distorting  vector  At  will  te  the  vector  A  -  1, 
since 

A  =-  A  -f  \  -  i  +  (~A—  i). 

Continuing  in  this  fashion,  we  obtain  series  (8) . 


In  the  future,  we  will  designate  systea  (8)  as 


io> 


(9) 


and  we  will  call  it  the  total  systea  of  distortion  vectors. 


Leaaa  2,  If  the  erroneous  aessage  A  V  P-n  is  received,  there  is 
precisely  one  vector  ic  tna  total  systea  of  distortion  vectors  (9)  in 
which  the  first  (n  -  1)  nuabers  are  equal  tc  zero,  while  the  number 
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of  the  n-th  digit  is  ncrzexo. 

Proof.  Sines  the  nuibers  (9)  fora  the  total  systea  of  reaainders 
for  aodulus  P^,  they  contain  precisely  one  nuaber  which  is  a  multiple 
cf  P^;  we  will  designate  it  as  A.  Ihe  first  (n  -  1)  digits  of  the 
vector  A  are  obviously  egual  to  zero;  furthermore,  because  of 
condition  P^  g  k  <  P#  if  even  one  cf  its  digits  is  nonzero,  the  last 
digit  of  the  vector  A  is  nonzero.  Ihe  lemma  is  proven. 

It  follows  from  lemma  1  that  the  problea  of  correcting  the  error 
in  the  message  obtained  can  be  solved  by  the  correct  selection  of  one 
of  the  possible  distortion  vectors  (9) .  If  this  selection  is  made,  we 
will  obtain  the  corrected  aessage  in  the  fora  of  the  difference 
A  *  A  -  A.  If  we  assuac  the  possibility  of  only  single  errors,  it  is 
logical  to  begin  the  problea  or  correcting  the  erroneous  aessage  with 
the  selection  of  the  vectors  frea  system  (9)  which  have  only  one 
nonzero  number.  It  fellows  frea  lemma  2  that  there  is  always  one  such 
vector  with  a  nonzero  number  in  the  n-th  digit  in  complete  systea 
(9).  This  aeans  that  we  can  always  assume  the  presence  of  a  single 
error  in  the  last  digit.  The  conditions  cf  theorem  3  indicate  certain 
ranges  of  the  value  of  A  for  which  the  total  systea  of  vectors  (9) 
contains  one  vector  each  with  cne  nonzero  digit.  If  the  nuaber  of 
these  vectors  in  system  (9)  turcs  cut  to  be  greater  than  one,  the 
correct  selection  of  tie  necessary  distortion  vector  can  only  be  made 
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with  certain  additional  assumptions  (e. g.f  the  assumption  of  the 
impossibility  of  an  error  in  the  n-th  digit) ,  or  on  the  basis  of 
probability  consideraticrs. 


Now  we  will  assume  tnat  the  redundant  base  pn  satisfies  the 
condition 


pn> pi- Pj  0°) 


and  we  will  study  the  distribution  of  distorting  vectors  with  one 
nonzero  digit  in  the  ratce  £0,  £) « 


aemember  that  the  vectors  with  a  (n  -  1)-th  zero  digit  have 

numerical  values  which  are  multiples  of  \  =* — ,  while  the  total 

Pi 

system  of  distortion  vectors  (9)  fills  a  range  of  numbers  of  length 


Lemma  3.  With  condition  (10) ,  not  more  than  one  vector  which  is 
a  multiple  of  P i  *  1,  2,  ....  (a  -  1)  can  fall  in  each  range  of 
length  P^. 

Proof.  To  prove  this  statement,  it  will  obviously  suffice  to 

I  kPi-l  Pj  I  >  P» 


show  that 
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when 


i  4=  j,  i  <  «.  ;  o<k<pit  o</<  />,. 


Be  have 


k  Pi- l  Pt 


(ll> 


It  has  been  stipulated  that  therefore 

p  P 

-  =  P„. 

Pi  Pi  P* 

Furthermore,  since  the  nuaners  k.  and  !>  satisfy  the  conditions 
0  <  k  <  p;#  0  <  Z  <  p^,  and  p^  and  pj  are  ccprime  when  i  /  j,  we 
obtain 

k  Pj  —  l  pi  4= 


Bhence  it  also  follows  fxos  equation  (11)  that 

\kPi-lRi\>Pm\kpJ-lPi\>Pn 

/ 

which  had  to  be  proven* 

Theorem  4.  Be  will  assume  tnat  the  error-free  transmission  of 
the  numbers  of  the  n-th  digit  is  provided.  Bhen  there  is  one 
redundant  digit  for  base  pn  which  satisfies  condition  (10)  ,  the 
single  error  in  the  message  received  can  always  be  corrected. 
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Proof.  Por  the  prccf  xt  suffices  to  note  that  according  to  lemma 
3,  only  one  number  which  is  a  multiple  of  P •  (i  #  n)  can  exist  aaong 
the  numbers  of  the  whole  system  c£  distorting  vectors  (9)  . 

Lemma  4.  Me  will  assume  that  condition  (10)  is  satisfied. 

The  complete  system  of  distorting  vectors  (9)  contains  two 
different  vectors  with  a  (n  -  1)-th  zero  digit  only  when  the  value  of 
X  for  which  it  is  comprised  belongs  to  one  of  the  ranges  of  the  type 

fi,  P>,  ki  Pi  -f-  P„),  (i2) 

‘  =  r*  2* ... ,  (»  —  x>,  *«-  1.  a, ...  ,pt  -  1. 

Proof.  Pirst  we  will  show  that  system  cf  vectors  (9)  contains 
two  vectors  with  a  (n  -  1)-th  zero  digit.  According  to  lemma  2,  one 
vector  which  is  a  multiple  of  Pn  is  always  present  in  system  of 
vectors  (9).  It  also  ccntaxns  a  vector  which  is  a  multiple  of  Pc 
(i  4  n)  ,  since  the  system  of  vectors  (9)  which  fills  the  interval  of 
length  p„.  has  the  point  A,  which  lies  in  interval  (12)  (also  length 
PfJ  for  its  right  end,  while  xts  left  end  is  the  vector  k*P^.. 

Me  will  demonstrate  the  opposite.  If  the  system  cf  distortion 
vectors  (9)  contains  a  vector  of  the  form  h^p^  (i  ^  n)  instead  of  a 
vector  which  is  a  multiple  of  Sn,  the  value  c(  T  *  A„  lies  to  the 
right  of  the  point  fc^P ^  at  a  distance  which  dees  not  exceed  P^. 


DOC  »  1000 


PAGE  47 


Therefore,  A  lias  in  tbs  range  c t  the  fora  (12)  • 

Me  will  use  D  to  designate  the  set  of  points  belonging  to  all 
the  ranges  (12) . 

Iheorea  5.  Me  will  assuae  that  condition  (10)  is  satisfied,  and 
that  only  a  single  error  is  passable  in  the  received  message  A.  Then, 
if  T  does  not  belong  to  set  D  and  X  ^  Pn,  the  nuaber  of  the  n-th 
digit  is  erroneous. 

Proof.  The  proof  follows  from  lemmas  4  and  2. 

This  theorem  is  a  generalisation  of  theorem  3  with  the 
additional  condition  (10). 

Me  will  study  the  possibility  of  detecting  double  errors  for  a 
code  with  one  redundant  digit  p*.. 

Beaeaber  that  we  consider  a  double  error  to  be  the  simultaneous 
distortion  of  two  different  nuaber s  of  a  representation  by  a  value 
which  is  liaited  to  the  corresponding  base.  This  naans  that  if 
A  *  ( a 1 1  «i«  •••»  «n)  is  the  transmitted  aessage  and 
A  ■  (5”i,  ...»  cTo  is  the  received  aessage  with  a  double  error,  then 


DOC  *  1000 


E AG£  4d 


A  —  A  —  i>/> 


where 


4/  =  (<J,  O,  ...  ,  O,  Of,  O,  ...  ,  O,  Oj,  o,  ...  ?  o) 
(3i  =|=  O.  3 j  dp  0) 


is  the  distorting  vector. 


Leaea  5.  Suppose  that  (a  -  2)  digits  have  been  fixed  in  th« 
representation 


A  =  t.*i»  *s>  •••  •  *») 


and  two  digits,  e.g.,  •i  and  (i  <  j) ,  assoae  all  possible  values 
(o  §*<</>*.  o  S  *;  < Then  the  numerical  values  of  the 
re presentations  obtained  are  distributed  in  p^Fj  nonintersecting 
intervals 

[*  Pi/,  {k  —  i)  P0, 


where 


k 


O,  I,  2,  ...  ,  (/>,-  Pj  —  !)• 


03) 


Proof.  First  of  all,  it  is  obvious  that  the  FiF^  representations 
defined  in  the  conditions  are  Feasible  in  all.  We  will  show  that  none 
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of  the  intervals  (13)  can  receive  tvo  different  such  representations. 
Indeed,  let 

A  —  (Oj,  *<i  *i+( »  •••  »  1»  ay>  a;'+l*  •••  > 


and 


^  =  ^*l>  •••  >  **— I*  *»  a«'+l»  •••  »  */-!•  */•  ay+l»  •••  .  *>.) 

whereupon  at  least  ona  of  the  differences  (3<  =  *;  —  a*,  3y  ==  o~— a,)  is 

nonzero. 


He  will  consider  the  difference 

A  —  A  »  (o,  ...  .  Ot  5„  o,  ...  ,  Oi  *y»  o,  ...  ,  o)/ 

It  is  obvious  that  the  nuaber  "I  -  A  t  0  can  be  divided  by  P  —  ,  i.e.. 
|T  -  h)  ~  sPtj .  where  C  <  s  <  This  eeans  that  the  distance 

between  the  nuebers  k  and  A  is  not  saaller  than  the  length  of  each  of 
the  intervals  (13).  Thus,  all  p^p-  nuebers  fall  in  different 
intervals  (13) «  which  had  to  be  peeven. 

He  can  obtain  a  theorem  analogous  to  thecrea  4  froa  this  leaaa. 

Theorea  6.  He  will  assuae  that  the  errcr~free  transaission  of 
the  nuabers  of  the  n-tb  digit  has  been  provided.  Then,  when  there  one 
redundant  digit  with  respect  to  base  pn  which  satisfies  condition 
(10).  the  double  error  in  tne  sassage  received  can  always  be 
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detected. 

Proof.  The  proof  follows  iron  lenaa  5,  since  because  of 
condition  (10)  ,  we  have 

*oaT>p*' 

and  this  is  equivalent  no  a  conriraation. 

Now  we  will  coepute  tha  nuaber  of  detectable  double  errors  in 
the  presence  of  one  redundant  digit  for  the  largest  of  the  bases  p^. 

We  will  consider  the  nuaber  of  digits  i  and  j  to  be  fixed,  with 
i  <  j. 


The  set  of  numbers  1  corresponding  to  all  possible  values  of  the 
distortion  vectors  obviously  consists  of  (p^  -  1)  (pj  -  1) 
eleaants.  According  to  leasa  5,  all  of  these  nuabers  fall  in 
different  ranges  of  length  . 

The  erroneous  representations  with  double  errors  which  fall  in 
the  working  range  [0,  P„)  are  undetectable. 

We  will  calculate  their  nuaber.  There  are 
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nonintersacting  ranges  o f  length  ?;•  in  range  [0,  ?  ).  Here,  if 

y 

j  *  n,  s^n  *  p  and  if  j  *  n,  s^*  <  p^  and  sj,j  non  intersecting 
ranges  of  length  P^j  dc  nor  completely  ccver  the  interval  [0,  Pn) . 
Shence  it  follows  that  the  numerical  values  of  the  transmitted 
messages  A  (A  <  Pn)  belong  to  one  cf  the  intervals 

[  (^  l)  Fiji  k  Pi))<  k  —  It  2,  ,  Sit  l 

or 

l*i  fy;  P *)  • 

How  it  is  already  clear  that  Caere  are  not  less  than  s^,-  -  1  and  not 
more  than  s^*  distortion  vectors  A^j,  leaving  the  number  X  ~A  *  Ajj 
in  the  range  [0,  P*)  .  For  example,  there  will  be  s^j  if  j  /  n  and  A 
is  located  in  the  interval  P<j>  Pn)  ,  while  there  will  be  Vi  "  1  if 

A  =  l  Pi,  (o</<  Sij)> 

Thus,  the  number  cf  detectable  double  errors  will  not  be  less 

than 

(pi  —  0 (pj  O  stj  =  (pi  —  »)  C Pj  -  i) - ["y^] * 

This  means  that  out  of  the  total  number  cf  possible  double 
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err or 3 


Y'i  < Pi  -  i )(Pi  -  i). 


«  3a«</'S» 


not  less  than 


yt  {(P<  -  0  ypj  —  i)  —  > 

^  YL  ({pi  ~ i}  {pj  ~ 1}  ~ — ) 


:S  i</s« 


will  be  detectable. 

4e  will  reduca  this  expression  to  a  form  more  convenient  for 
calculation: 


y  (Pi  -  0  (pi  — »)  —  J-  ^  A  Ay  = 


i  £<</£» 


I  S«</S» 


(■~£)£  £<*+*>+(") 


f  £<</£»  t£i</Sf» 

» — r  n 


*=I 


i  =  I  /  -si—  I 


Footnote:  ‘Here  (  )  is  the  binomial  coefficient.  End  footnote 


The  last  tern  was  obtained  here  as  a  result  of  the  following 


trans for nations: 
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_  "  i— 1 

z>+*>-  e  r>+w_ 

i  Si</S»  /— s  i'=i 

«  /—l  M  — I  « 

"  £  £ 1  +  £ °  £* 

/=2  1^1  ,=,1  , 

It  suffices  to  find  the  percentage  ratio  cf  numbers  (15)  and 
(14)  in  order  to  obtain  an  idea  cf  the  propcrtion  of  detectable 
double  errors. 

ite  computed  this  ratio  Mien  tne  assumption  that  the  codes  in 
question  are  used  in  a  computer  operating  in  the  SOK  with  an  upper 
boundary  of  the  numerical  range  cf  lO^-IO1*.  The  simple  numbers 

2,  >,  5. “•  *:»  «9,  25.  =9-  >«.  >:• 

were  approximately  used  as  the  bases,  where  we  considered  the  base  37 
to  be  redundant.  The  calculations  showed  that  with  this  coding, 
96.9o/o  of  the  double  errors  can  be  detected.  This  figure  differs 
Insignificantly  from  — —  -  which  serves  as  the  measure  cf  the 

detection  capacities  of  the  code  in  question.  In  this  case,  we  will 
have 


>7  —  [  _  36 
37  "*  37 


0,9729, 


i.e.,  S7. 29o/o 
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Mow  we  will  consider  tne  corrective  capacities  of  codes  with  two 
redundant  bases  with  respect  to  the  largest  digits  FA~t  and  p*. 

First,  we  will  shew  that  a  code  with  two  redundant  digits 
crovides  the  correction  cf  all  single  errors. 

Theorem  4.  Let  A  -  (al#  a2,  uj  be  the  transmitted  message 

or  the  precise  result  cx  the  execution  of  arithmetic  operations  in 
the  SOK,  and  A  =  ,  3”j,  Ty J  -  the  received  message  or  the 

result  obtained  from  the  calculations  in  the  SOK.  Then  a  single  error 
can  always  be  corrected  if  the  ruaerical  values  A  of  the  transmitted 
messages  or  the  precise  results  cf  the  calculations  in  the  SCK 
satisfy  the  inequalities 

°  2a  A  <  p\-pi  •  •  •  pH-r 

Proof,  ie  will  consider  all  possible  (n  -  1) -digit 
representations  comprised  free  the  message  received  by 
subtracting  one  number  (there  will  be  n  of  them) .  If  there  are  no 
errors  in  the  message  received,  for  all  values  of  i  *  1,  2,  ...,  n 
there  will  be 

At  “  At  m  A  <C  Pi  •  Pi  »  ...  •  pn~ !• 

If  the  message  received  contains  a  single  error,  then  all  the 
(n  -  1) -digit  representations  of  A^  except  one  will  contain  one 
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erroneous  nuaber;  therefore  (thacrea  1) ,  the  inequality 

-‘ii  ~P>  *1  •  Pi  • .  •  pM~i 

will  be  satisfied  for  the  (n  -  l)-th  value  of  i,  and  for  only  one 
value  of  i,  e.g.,  for  i  *  k,  will 

J7<  •••/>«-» 

The  latter  corresponds  tc  the  case  when  the  erroneous  nuaber  has  been 
subtracted;  but  then,  since  A  <  fi«p2,  •••#  p^.?,  we  obtain 

Ait  =  A>  -  A ' 

Mow  we  can  already  find  the  true  value  of  the  nuaber  a^.  In 
order  to  do  this,  it  suffices  to  find  the  renainder  froa  the  division 
of  Afe  by  p4. 


The  calculation  of  tne  values  of  the  (n  -  1) -digit 
representations  of  A^  is  not  a  complex  problea.  If  the  value  of  T  has 
already  been  calculated,  and  we  sust  begin  with  this,  then 


where 


Thus,  in  order  to  calculate  the  values  of  A,  it  suffices  to  subtract 
the  nuaber  P;  froa  7  uctll  a  nuater  lying  in  the  range  [0,  P^)  is 


obtai ned 
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The  presence  of  twc  redundant  digits  is  also  sufficient  for 
detecting  any  double  error.  Actually,  in  the  presence  of  a  double 
error,  at  least  one  cf  the  (n  -  1) -digit  representations  will  contain 
a  single  error  and,  therefore,  the  nuaerical  value  of 
corresponding  to  it  will  oe  outside  the  range  [0;  pt«p2  ...  p A_2  ]. 

Again  we  will  assnae  tnat  a  binary  channel  is  used  for  data 
transnission  and  we  will  estiaate  the  nuaber  cf  redundant  binary 
syabols  for  a  code  with  two  redundant  digits,  i.e.,  for  the  code  of 
corrective  single  or  detectable  double  errors. 

Beaeaber  that  in  the  codes  in  question,  a  single  error  weans  the 
possibility  of  distortion  of  not  only  one  binary  symbol,  but  also 
distortion  of  the  nuaber  aj  by  a  value  -  1,  which  can  correspond 
to  the  distortion  [lcg2j;J  of  the  binary  syabols. 

For  the  codes  in  question,  the  nuaber  of  redundant  binary 
syabols  is  equal  to 

r  -  [log*  £»-l]  +  [lOg*  Pn]  +  *■ 

In  order  to  estiaate  this  nuaoer  as  n-*«,  we  will  use  the  asyaptotic 
foraula  of  analytical  rusher  theory 
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t) 

i.«.#  }hn 

(:—«*  n  inn 


Therefore# 

log,  pn  —  ji**!  »  -T  log.  In  »• 


Thus#  as  n4«,  we  obtain 


r  log,  fc.  —  log,  «(,«—!)  +  log,  fin  n  In  («  —  i)  ) 


cr 

r  2  log,  >i. 


I  will  take  this  opportunity  to  thank  to  I.  Ta.  AJcushkiy  for  his 
constant  attention  to  ay  work  and  bis  helpful  consents. 
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